The principal use of photonic crystals is to engineer the photonic density of states, which controls light-matter coupling. We theoretically show that strained 2D photonic crystals can generate artificial electromagnetic fields and highly degenerate Landau levels. Since photonic crystals are not described by tight-binding, we employ a multiscale expansion of the full wave equation. Using numerical simulations, we observe dispersive Landau levels which we show can be flattened by engineering a pseudoelectric field. Artificial fields yield a design principle for aperiodic nanophotonic systems.
The principal use of photonic crystals is to engineer the photonic density of states, which controls light-matter coupling. We theoretically show that strained 2D photonic crystals can generate artificial electromagnetic fields and highly degenerate Landau levels. Since photonic crystals are not described by tight-binding, we employ a multiscale expansion of the full wave equation. Using numerical simulations, we observe dispersive Landau levels which we show can be flattened by engineering a pseudoelectric field. Artificial fields yield a design principle for aperiodic nanophotonic systems.
In the presence of strain, graphene exhibits a remarkable effect: an inhomogeneous deformation of the lattice induces a strong pseudomagnetic field governing the low energy theory [1] [2] [3] [4] [5] [6] . If the strain is designed to produce a uniform pseudomagnetic field, highly degenerate Landau levels form at energies near the Dirac points. In photonic systems, methods for generating pseudomagnetic fields [7] [8] [9] [10] are of significant interest since photons are fundamentally uncharged and therefore do not directly respond to real magnetic fields. If Landau levels could be realized in the nanophotonic domain using strained photonic crystals, the associated large density of states could used to enhance light-matter interactions (e.g., the Purcell effect [11] or nonlinear phenomena [12] ).
Strain-induced pseudomagnetic fields have been demonstrated experimentally in photonic systems of coupled waveguide arrays [13] , exciton-polariton condensates based on coupled cavities [14, 15] , and microwave systems of coupled resonators [16] . Photonic Landau levels have also been discussed in the context of lasing models [17] and strain and related ideas have been explored as a means for producing pseudomagnetism in acoustic systems [18] [19] [20] . In the waveguide arrays studied in [13] , however, time is mapped to a spatial dimension, and thus energy eigenvalues do not correspond to mode frequencies but to propagation constants. Hence, the Landau levels will not directly alter the photonic density of states. Demonstrations based on coupled resonators can be treated with the standard tight-binding framework often used to study strained graphene. Photonic crystals, however, are governed by the continuum Maxwell equations to which tight-binding models do not generally apply [21] .
In this Letter, we address the question: Since Dirac points generically emerge in the presence of certain symmetries, [22] [23] [24] and therefore occur also in photonic crystals, can strain be used to generate pseudomagnetic fields for light in the nanophotonic domain? To answer this question, we use a two-scale expansion of solutions to the full continuum wave equation to show that pseudomag-netic and pseudoelectric fields are present in a class of deformed 2D photonic crystals. Our results, which apply to wave equations in non-dissipative media, require only that the strain be slowly varying and that the unstrained periodic structure exhibit Dirac points associated with a certain set of symmetries. The effective equations contain no free parameters. We make no assumptions about the magnitude of the material (index) contrast and our results do not require an effective tight-binding model.
We assess the validity of our effective theory by performing full-wave numerical simulations in an experimentally realistic strained photonic crystal of air holes embedded in silicon. These simulations demonstrate high density of states at energies corresponding to the Landau levels of the effective theory. However, the Landau levels are weakly dispersive and we find that producing nearly flat (non-dispersive) Landau levels in such a photonic crystal can be achieved using a new ingredient: a strain that, on the level of the effective equations, generates a pseudoelectric field (in addition to the pseudomagnetic field), and on the level of the full wave equation, acts to flatten the bands.
We begin by considering light propagating in the plane of a two-dimensional photonic crystal: a medium consisting of a real, spatially varying scalar dielectric ε(x) that is uniform in the x 3 direction, so that we may take x = [x 1 , x 2 ]. The solutions can be classified as having either TE or TM polarization. For time-harmonic solutions with electric and magnetic fields E(x, t) = E(x)e −iωt and H(x, t) = H(x)e −iωt , the modes are governed by the scalar Helmholtz equation
where c denotes the vacuum speed of light. For TE polarization, ξ(x) = 1/ε(x), ρ(x) = 1, and the scalar function ψ(x) gives the magnetic field H(x) = ψ(x)ẑ. For TM polarization, ξ(x) = 1, ρ(x) = ε(x), and ψ(x) gives the electric field E(x) = ψ(x)ẑ.
To obtain a structure possessing Dirac points, we require that ε(x) is inversion symmetric, C 3 rotation in-arXiv:2003.06690v1 [physics.optics] 14 Mar 2020 variant, and translation invariant with respect to the triangular lattice ZR 1 ⊕ ZR 2 , where R 1 = a[1, 0] and R 2 = a[1/2, √ 3/2] and a denotes the lattice constant. It was proved in [22] [23] [24] for continuum media that these conditions imply the existence of Dirac points at the Brillouin zone vertices K = (G 1 − G 2 )/3, K = −K, where G 1 and G 2 are the reciprocal lattice vectors. For a Dirac point occurring at quasimomentum k D and energy E D , two consecutive bands E ± (k) of the operator defined in Eq. (1) (with E = ω 2 /c 2 ) exhibit a conical intersection
Since ω 2 = c 2 E there are positive and negative branches of frequencies, ω, obtained from (2) . We focus on the positive branch, yielding
(3) We now focus on the Dirac point at K; the case K = −K can be treated similarly (with a pseudomagnetic field that points in the opposite direction). We denote the two energy-degenerate states at the Dirac point by Φ 1 (x), Φ 2 (x). These can be taken to satisfy
See the Supplemental Material for more details and definitions of the two inner products f |g and f |g ρ used in the text.
There are two parameters in the effective theory, which are computed from the eigenmodes, Φ i (x), of the unstrained system, and which determine the behavior of the strained system:
The Dirac velocity, v D , is associated with the Dirac point of the periodic structure and b emerges in connection with the induced pseudomagnetic field; see the Supplemental Materials. Here,
andξ is the operator that acts in position space via multiplication by ξ(x). In the Supplemental Material, we show that both v D and b can be made to be real and positive by an appropriate choice of a coordinate system and a phase convention for the eigenstates. We assume these choices have been made. A strained dielectric ε (x) is obtained by displacing each point x of the original dielectric to a new location Using a general systematic perturbation theory in the small parameter κ (see Supplemental Material), we show that the strained dielectric ε (x) has modes with a twoscale spatial structure in which a pair of slowly varying amplitude functions α i , with i = 1 or 2, modulate the Dirac point eigenmodes:
[As before, slowly varying is understood to mean α i (x) = g i (κx)]. These modes have associated perturbed frequen-
. The amplitude functions α i (x) and frequency perturbation E 1 (of order κ) are determined by an eigenvalue problem H eff α (x) = E 1 α (x), where α (x) = [α 2 (x), α 1 (x)] T and H eff is a 2D Dirac Hamiltonian:
where σ = (σ 1 , σ 2 ) with σ j denoting the Pauli matrices. The effective magnetic vector potential A eff (x) and electric potential W eff (x) are given by
We emphasize that H eff , A eff and W eff emerge from a first principles derivation and depend on v D and b defined fully in terms of the Dirac point eigenmodes of the unstrained structure; see (4)- (5) . In the Supplemental Materials, we show that the above quantities transform as expected under rotations. We now focus on the case in which the strain produces a constant pseudomagnetic field perpendicular to the plane of the structure. As a concrete example, we consider a honeycomb lattice of air holes (ε = 1) embedded in silicon (ε = 12.11) operating in TE polarization. We take the air holes to have a triangular shape as in [25] to ensure that the frequency ω D is not crossed by the same or other bands, i.e. the structure is semi-metallic at energy (ω D /c) 2 ; see [26, 27] . To improve numerical convergence, we take the corners of the triangles to be rounded. We take the triangle radius (center to corner) to be r = 0.27a with a rounded corner radius of r c = 0.1a.
We numerically compute the modes of this structure using a plane wave eigensolver (MPB) [28] . The system has a Dirac point at ω D = 1.533ca −1 , where the first and second TE bands touch. The quantities in Eqs. (4) and (5) are given by v D = 0.684a −1 and b = 0.502a −2 . We apply a strain generated by u(x) = a[0, (κx 1 ) 2 ], where κ determines the strength of the strain. This deformation is illustrated schematically in Fig. 1(a) . Note that while the strain breaks translation symmetry in the x 1 direction, the structure remains symmetric under translation by a distance a = √ 3a along the x 2 direction. From Eq. (8), the vector potential is A eff (x) = −(4aκb /v D )[0, κx 1 ], which is a Landau gauge vector potential for a constant effective magnetic field
Since ∇ · u = 0, the strain-induced pseudoelectric potential vanishes: W eff (x) = 0.
For a constant pseudomagnetic field and zero pseudoelectric potential, the eigenvalues of the Hamiltonian (7) are well-known to form a series of Landau levels consisting of discrete eigenvalues, E 1 , of infinite multiplicity implying eigenvalues, ω, of the Helmholtz equation (1):
We compare this prediction to full numerical simulations by directly solving Eq. (1) for the eigenmodes of the strained structure, again using a numerical plane wave eigensolver. We impose Bloch boundary conditions in the x 2 direction and effectively apply exponentially decaying boundary conditions in the non-periodic x 1 direction by padding the boundaries with a structure that exhibits a TE band gap for ω ≈ ω D . Since the strain preserves translation symmetry along x 2 , the Bloch momentum k 2 remains a good momentum. Since the supercell used for this strain pattern is invariant under translations by √ 3a Fig. 2(b) . Eigenstates correspond to the two values of k2 (I and II) shown in the zoomed inset. The modes come in two-fold degenerate pairs, are localized along the x1 direction, and shift horizontally as k2 is varied.
(as opposed to a) along x 2 , both Dirac points (from K and K ) reside at k 2 = 0. The system size along the non-periodic direction is L = 39a [see Fig. 2(d) ].
The numerically computed band structures are shown in Fig. 2 . Upon applying the strain, the Dirac point of Fig. 2(a) splits into a sequence of discrete Landau levels shown in Fig. 2(b) , which was obtained using κ = 0.0548a −1 . In Fig. 2(c) , we compare, as a function of strain strength, the level spacings predicted by Eq. (10) to the numerically computed level spacings obtained from the band structures at k 2 = 0, with the results showing good agreement. Our multiscale analysis, which approximates states by spectral components near the Dirac point, is valid for |k 2 | ≤ Cκ, for some constant C and all κa 1. As the strain is reduced, the Landau level eigenstates become progressively more delocalized along the x 1 direction and eventually reach the boundary of the computational domain. Hence, the series of simulation points in Fig. 2(c) is terminated at weak strain.
In Fig. 3 , we show representative numerically obtained eigenstates. The modes come in two-fold degenerate pairs since the supercell used in our calculation places both Dirac points at k 2 = 0. For a fixed Landau level, the eigenstate at a given k 2 is localized in the x 1 direction and centered aboutx, wherex varies with k 2 . This is the expected behavior for the standard Landau gauge Hamiltonian for a particle in a uniform magnetic field (see Supplemental Material).
Although the effective theory predicts flat Landau levels, the levels in Fig. 2 Band structure obtained by beginning with the strained structure associated with Fig. 2(b) and applying an additional strain along the x1 direction to flatten the Landau levels. Inset schematically illustrates the additional strain.
yields B(x) = −(4aκ 2 b /v D )ẑ as before, but now with a quadratic potential W eff (x) = 3aβκ(ω D /c) 2 (κx 1 ) 2 , corresponding to a pseudoelectric (as opposed to pseudomagnetic) field, which can be used as a tool to compensate for the dispersion. Note that this is not required in the graphene picture of pseudomagnetism [2] . It is required in the continuum photonic crystal setting because of a lack of an accurate nearest-neighbor tight-binding model. The numerically computed band structures that result from taking κ = 0.0548a −1 and β = 0.0380 are shown in Fig. 4 , where we see a clear flattening of the Landau levels.
In conclusion, we have shown that, for a class of 2D photonic crystals possessing Dirac points, strain produces pseudoelectric and pseudomagnetic fields for photons. Explicit expressions for all parameters of the effective Hamiltonian are given in terms of the Bloch eigenmodes at the Dirac point of the unstrained structure. There are no free parameters. The modes of the strained structure are constructed as slow modulations of deformed Dirac point eigenmodes. The modulations are governed by a Dirac equation with effective magnetic and electric potentials. Using a specific strain pattern, we have demonstrated the emergence of Landau levels in a photonic crystal that could be realized using standard fabrication techniques in silicon photonics. We found that a conventional strain (as in graphene) gives rise to dispersive Landau levels, but that dispersion can be corrected for (i.e., the bands can be flattened) using a strain that induces an additional pseudoelectric field that does not alter the original pseudomagnetic field.
Multiscale analysis enables treatment of dielectric structures that cannot be treated with band theory. This technique could be applied to general aperiodic media that arise as slowly varying deformations of periodic media, including media not amenable to tight-binding methods. This approach provides an analytical handle on and physical intuition for such systems that, in many settings, require prohibitive numerical simulations. We envision that strain-induced pseudomagnetic and pseudoelectric fields will be useful for applications, particularly in the nanophotonic domain, such as chip-scale nonlinear optics and coupling to quantum emitters, where the high density-of-states associated with flat bands implies strong enhancement of light-matter interaction. 
